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DIFFERENTIATION

Continuity and differentiability of a function

If a function is differentiable at a point, it is necessarily continuous at that point. But its converse it not

necessarily true. E.g.: the function f(x) = || is continuous at x = 0, but it is not differentiable at x = 0.

Differentiability at a point

Let f'be a real valued function defined in the open interval (a, b) and let ¢ e(a,b) . Then f(x) is said to be

S(x)-/(c)
differentiable or derivable at x = ciff lim exits finitely. This limit is called derivative or differential
X—>C X—C

coefficient of the function f(x) at x = c and is denoted by /"(c) .

Derivative of a function

A function f(x)is said to be derivable or differentiable if it is derivable at every points in its
domain.

Suppose f(x) = 1_ Domain of the function is R—{0}
X

f(x) is derivable at every point in R except 0.

Derivability of a function on an interval

i. A function f(x)is said to be a derivable function on the open interval (a,b), it is derivable at

every points in the open interval (a,b).

ii. A function f(x)is said to be a derivable function on the closed interval [a,b],

a. itis derivable at every points in the open interval (a,b),
b. itisderivable at x =a from right
c. itisderivable at x =5 from left

Standard results on differentiability

1. Every polynomial function is differentiable at each xeR.

Every constant function is differentiable at each xeR.

Every exponential function is differentiable at each xeR.

Every logarithmic function is differentiable at each point in its domain.
Trigonometric and inverse T-functions are differentiable in their domains.

The sum, difference, product and quotient two differentiable functions is differentiable.

R I

The composition of differentiable functions is a differentiable function.
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Differentiation

Let f(x)be a differentiable function on [a,b]. Then corresponding to each point x & [a,b], we get
d
a unique real number equal to the derivative of f'(x) and are denoted by f'(x) or % or v yjor y', etc..

ie, & _ Iim flxsh)- f(x) (or) & _ lim flx=h)- f(x) . The process of obtaining the derivative of
dx  h—>0 h dx  h—>0 —h
a function is called differentiation.

Geometrical meaning of the derivative at a point

Consider the curve y = f(x). Let f(x)is differentiable atx=c. Let P[c, f (c)] be a point on the

curve and let Q be a neighbouring point on the curve. Then slope of the chord PQ = L(l);ﬂd Taking
X—c

X C
limitas Q— P i.e., x —>c, we get lim . As O — P, the chord PO becomes tangent at P.
X—>C X—C

y LY
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0]
Note: derivative of y w.rt. x = “4(y)= Ay

. d
derivative of y w.rt. t = i(y)=_y

dt dt

L d dx
derivative of x w.rt. ¢t = _(X)=_ , etc.

dt dt

Derivative of a function

Let y= f(x)is a finite, single valued function of x. Let Ax be a small increment in x and Ay be the
corresponding increment in y respectively.
Then y+Ay = f(x+Ax)

Ay = f(x+Ax)- f(x)
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A_y: f!x+Ax!—f!x!

Ax Ax

taking limits we have,

lim &y = lim S(e+Ax)- £(x)

Ax—0 Ax  Ax—0 Ax

D=1

ie., i[ f(x)]=7'(x).This is called derivative of y w.r.t xor differential coefficient of y w.r.t x. This
dx

method is called first principles or delta (Aor 6 ) method or differentiation by definition or ab initio.

d
Note: Other forms of Ey are f'(x), y', vy, Dy, etc..

H=
Q oeY

Academy
Derivative of the functions using the first principles: Outstanding Guidance for Youth

1. Let y= x2
Let Ax be a small increment in x and Ay be the corresponding increment in y respectively.
y+Ay = (x + Ax)2

Ay=(x+Ax)’ —y=(x+Ax)” —x>
Ay _ (x+Ax)* —x2 _x +2xAx + (Ax)? —x2 _ 2xAx + (Ax)? _

_ 2x+Ax
Ax Ax Ax Ax

. Ay

lim _~ = im (2x+Ax)
A—0 Ax Ax—0

Q =2x+0=2x

dx

d

() _yy

dx
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STANDARD RESULTS
e /()
sin x CoS X
cos x —sin x
tan x sec 2 .
COS ecx —COSs ecx cot x
secx sec x tan x
cotx - C05602 X
xn nxn—l
e e”
e _e*
Xt 2 (1+log x)
x axd!
a* a* loga
a“ 0
Vx L
2/x
logx
X
x 1
x2 2x
= 1
X il
1 _ 1
X xz
1 2
2 X3
dy
xX—+
Xy ~ y
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y dy
dx
2 dy
y 2y
Y
fz 2 x
a —X
2 2
a —X
a2+x2

Note: Derivative of any trigonometric function starting with ‘co’ is negative.

FUNDAMENTAL RESULTS OF DIFFERENTIATION

d .
1. Differential coefficient of a constant is zero. i.c., E(C) =0, where ¢ is a constant.
d d
E.g: 2(5)=0, —(-10)=0, etc.
dx dx

. . . d d
2. Ifcis a constant and u is a function of x then d—(cu) =c &(u)
X

d d d
3. If wand vare functions of x,then _ (wxv)=__ ()= _ (v
dx dx dx

_(SSmx+logx) = _(5smx)+_(logx) 5_(s1n O+ (logx):5cosx+1_
dx dx

X
4 (Ze - tanx) (2 )—_ (tan x) =2 (ex )— — (tan x) =26" —sec? x
dx dx dx

4. Product rule: If u and v are functions of x , then derivative of the product of two functions is equal to
first function x derivative of the second function + (plus) second function x derivative of the first

function.

e, L =u o L w
dx dx dx

For Free Career Guidance : +918891314091



Q ooy

Academy www.ogyacademy.com
Outstanding Guidance for Youth
E.g.: i y = e sindx
oo pxd (sin 4x)+sin 4x. 4 (e3x) = ¢¥ cos 4x. 4+sin4r.e>*3 = (4 cos 4x +3sin 4x)
dx dx dx
il. y = x2 tanx
& = x2 4 (tan x)+ tan xi (x2 )
dx dx dx

=X sec2 x+tan x.2x =x2 sec2 x+2xtanx

Corollary of product rule:

. d d d d
Ifu, vand ware functions of x , then E(uvw) = uv. - W) +vw. () +uw.__ ()

E.g.: y:xzex tan x

d
e :xzeXA(tan x)+ " tan xl (x2 )+ x2 tan xi(ex)
dx dx dx dx

2 2
=x“e’sec” x+e” tanx.2x+x” tanx.e”

=xe* (xsec2x+2tanx.+xtanx.) =xe* (xsec2 x+(2+x)tanx.)

5. Quotient formula: If u and v are any two functions of x , then quotient of two functions is equal to

(2" function x derivative of the 1% function minus 1% function x derivative of the 2" function)
divided by square of the 2™ function.

d d
e, d(w)_"ax®7" a0

EK") vl
Eg:y= Sz:nx+ Cos x '
Sinx — Cos x
(sinx —cos x)i (sinx +cos x) - (sinx +cos x)i(sinx —cos x)
dy — dx dx
dx

(sinx —cos x)2
_ (sinx —Cos x)(cosx — sinx) - (sinx + cos x)(cos X+ sinx)

(sin X —cos x)2

_ (sinx —cos x). - (sinx —cos x) - (sinx +cos x)2 _ (sinx —cos x)2 - (sinx +cos x)z

(sin X —cos x)2

(sin X —cos x)2
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. . 2 ) . 2
_ sin” x — 2sin x.cos x + cos” x — (sin” x + 2sin x.cos x + cos” x)

(sinx —cos x)2

. . 2 .2 . 2
_ sin” x — 2sin x.cos x + cos” x — sin” x — 2sin x.cos x — cos” x)

(sinx —cos x)2

_ —2sinx.cosx —2sinx.cosx _ —2.2sinx.cosx _  —2sin2x

(sinx —Cos x)2 (sinx —Cos x)2

(sinx —cos x)2

Function of a function

Lety = f(u), whereu=¢(x), then the derivative or differential coefficient of y w.r.t x is
&y _dy du
dx  du’ dx

E.g: y = V2x+3

put u=2x+3
Then y =Ju
dy _ 1
du 2\/;
ﬂ =2x1+0=2
dx
R R YU

dx  du dx 2\/; \/; \2x+3

Short-cut method:

1.  Let us assume that the inside function be x.

ii.  Find the derivative of the function in the standard form.

iii. Replace the value of x .

iv.  Multiply it with derivative of the inside function.

The above question will be done using the short-cut method:
y = 2x+3

1.  Assume 2x+3as x
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Now the function becomes in the form y = Jx .

—_

il.

iii.  Find the derivative of y = vx . i.c, & =——
dx  2\x

iv. Replace xby2x+3.1i.e., _

22x+3
V. Find the derivative of2x+3. i.e., 2x1+0=2
Vi. Find the product of steps iii and iv. i.e., | x2 = !

dc 223 Jox+3
. y= e—ax2

dy

2 W2 2
—e ™ xieaxz ):e aX x—ax2x =—2axe ¥
dx dx

>
Qocy

Academy
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Note: 1 =T 9(x)]] then Z= 1T o(x) ] 6'(x)

Chain rule

Function of a function can be extended to more than two functions is called chain rule. If y = £(u), where

u=¢(v) and v=¢(x) then the derivative or differential coefficient of y w.r.t xis 4y _dy . du . v
dx du dv dx

X
Eg:y~ log(tan _]

L 2
_ ( x) x x
Here y — log tan—|, u =tan —and v =—
L 2) 2 2
dy 1 : duzseczx;d_vzl_
du tan > dv 2 dx 2
2
x
,  cos_ |
dy _Sec_2 Yoo 2 1 y 1_ 1 = =Cos ecx
i tani 2 smi coszi 2sinicosi sin x
2 2 2 22
(or)

For Free Career Guidance : +918891314091



www.ogyacademy.com

1
1 = =CO0S ecx

Inverse Trigonometric Functions

T =
2sin—cos . SY

Consider a function y= f(x). If it is possible to write x as a function of y, we say x is an

inverse function of y, and is symbolically written as x= f _1(y). There are six inverse trigonometric

functions viz. sin_lx, cos_lx, tan_lx, Cosec_lx, sec

'y and cot™! x, etc.. The principle value of

3 . n . 1 o
sin~! x lies between+ __, the principal value of cos ™ X {jes between 0 and © and the principal value of

2

-1 .. e
tan 1 x lies between + __.

1. i(sin_1 x) = !

dx V1- o2
2. i(cos_1 X)=— !

dx V1- o
3. i(tan_1 x) = !

dx 1+ X
4. i(cot_1 X)=— !

dx 1-|-x2
5. i(sec_1 Xx) = ;

dx x.V x2 -1

1

6. i(cos ec_lx) =-

&

x.\/x2 -1

©ocy
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1.y =eacosflx

-1
acos™ x -1 aet® ¥
.a. = — .
V1= 2 v 1-x?

= e

S
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o _1( 2x
5 y=sinTl 2
\1+x )
1

put x=tan® ; 0 = tan x

y=sin —1( w_w =sin _1(Sin29) =20=2tan " 'x

(l+tan 0 )
b,
dx 1+)c2 1+)c2

3 y=sin_l($—\
' +x )

put x=tan0 =0 —tan"' x

y =S8in —I(ﬂ_) = Sin sin20 =20 =2tan" ! x ,6 OGY
L

(l+tan 0)
Academy

dy 1 2
=2 = Outstanding Guidance for Youth
dx 1+ x 2 1+ x 2

Implicit functions
When the two variables x and y are connected in a single relation such as /'(x, y) =0, it is called an

implicit function. If is often difficult to find y explicitly. To find the derivative of an implicit function,
perform the following steps:

1. Differentiate the whole expression w.r.t. x
2. Keep ﬂ terms to one side and all other terms to the other side
dx

3. Then obtain d_y .
dx

Given x2 +y2 —a?
Diff. w.r.t. x

d
a2y 2 =0
dx
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2. cos(x+y)=ysinx

diff. w.r.t
. dyl_ . dy
—sin(x + + = ).€0S X +sin x.
N1 ——
L |
dx '] 4 dx 4
—sin(x + y). —sin(x +y) 1= .COS X +sinx. 1
dx dx
—sin(x +y) di— sinx. dl: .€08 x +sin(x + y)
dx dx

- [sin(x +y)+ sinx.];i—i; = y.cos x + sin(x + y)

dy __ [y cos x +sin(x + y)]

dx [sin(x +y)+sin x]

©ocy
~® Academy
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Exponential functions

A function is of the form ), = ¢ is known as an exponential function.

Derivative of ¢*

x x ¥ X

Let e =l+"+_ 4+ 4.
2t 3!

Diff. w.r.t. x we have

X (Xz x3\
4 x):dzomﬁﬂ!p;'ﬁ};{ﬁﬁ

\ )
i(ex) {1)(2) [33_\ ........
I P
n 20 3
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Logarithmic functions

A function of the form y =«" , both u and v are functions of x . Then follow the following steps;
Taking ‘log’ on both sides
log y =logu”
logy =vlogu
Diff. w.r.t. x

1 @ = v.i (logu) + logu. i(v)

y dx dx dx

LAy _ [ i(logu)+logu.i(v)] :uv[vi(logu)+logu.i 1
de " dx dx “dx ol

E.g. Find & if
dx

f’g OGY

lo =1lo XSI X Academ
Outstanding Guidance for Youth

log y =sin x log x
Diff w.r.t. x

. 1
lﬂ = sinx.__ +logx.cos x
y dx x

[ sinx

+ logx.cos x sinx [ sinx + log x cos x

dy = —

y [
dx ||_x

X

2 1 x¥ =€, prove that & logx

de (1+log x)?

Given x¥ =¥V

Taking log on both sides,

logx? =loge™ ¥ = ylogx=(x—y)loge = ylogx=x—y (Dloge=1)

y+y10gx=x:>y(l+logx)=x:>y:
1+log x

Differentiating w.r.t. X we have
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(1+10gx) d (x)—x. d (1+10gx) (1+10gx).1— (0+ 1) I+logx—ux. !
- X| _
dy _ dx dx

x) _ X _ 1+logx—1
dix (1+1ogx)? (1+logx)? (1+log x)* (1+logx)?

logx  Hence proved.
(1+ log x)2

The following formulae will be found very useful in differentiation of logarithmic functions:
1. logab=loga+logh
2. logi =loga—logh
b
3. logQ: loga+logh—logc
C

logm™ =nlogm

5. log" =log" xlogb

n b n
log”
6. logl =—2>
n
1ogb
1
a_
1. logy = ;
logg
8. logl =1

9. —logx =10gl

" Q ooy

10. llogx:log Jx Academy
2 Outstanding Guidance for Youth
11 1og1=0

logx _

Note: 1. e X

ii. loge* = x

dy . 2
E.g.: Find _lfy=x3_x+1
dx ¥ tan x
_x2 x+1
Y7
¥ tan x

Taking log on both sides,
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logy = log|(x32mw =logx2 +1ogm_ (10g€3x +logtan x)

\
logy= log|| vtan ’—210gx+ 10g(x+1) 3xloge—logtan x
K
diff. w.r.t. x
ldl=2l+lL—3x><l—;sec2x
v dx x 2 x+1 tan x
2
dy  xT (21 1)
_ = | —+ |
dx 3xtanx\x 2(x+1) smxcosx}

Parametric functions

www.ogyacademy.com

When the variables x and y are given as functions of a third variable, known as parameter, say

x=f(t)and y =y (¢), is called parametric functions. To find the derivative of such functions:

dy
y_dt o) W _dy di
dx dx dx dt dx
dt
E.g. Fmd Y if
1. x=sin0; y=cos0
ﬁ:cose ﬂz—sine
do do
dy _dy [dx
d  do d9
sin®
= —tan©
cos©
c
2. x=ct; V=—
t
dx:cxl:c dy:cxd(\_
dr de | _|Fex
dx\ t)
4 e 1 1
dx d@ dx 12 C 2

HX
Q

oGY
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Successive differentiation

Let y=f(x) is a function ofx. Then =f'(x), is called first differential coefficient of y

. dx d2y
w.r.t.x. It we differentiate v w.rt x, we have d (dy\ d [ ] = is called second
SO W,
dx dx \dx ) dx dx
. . . 4
differential coefficient of  w.r.t x. If we differentiate again and again we have d? Y, d’y s d"y are
Yy
e
called 3™ derivative, 4" derivative,..., n" derivative of y w.r.t x. The process of obtaining the
derivatives in succession is called Successive Differentiation.
dy '
Note: l.ng(x)zylzysz
H=
2
2.dy:f/(x): - =p2 OOGY
5 n=y =0y ~® Academy
X Outstanding Guidance for Youth
. d? y
E.g.: 1. Find — if x=a(1+sin0); y = a(1-cos0)
dx
ﬁ =a(0+cosB)=acos® ; ﬂ = a(0——sinO) = a.sinO
do do
@
d_y:ﬁ _ asin® — tan0
dx dx  acosb
do
2 d
d t 6 2 1 2 1
y:_ L \ (an = (tan®) _ =sec 0. = sec O.secO :_sec39
dx dx ) dx do dx acos® a a

2. y= sin(m sin” ! x)

d -1 -
& =cos(msin  x). i(msin_1 x) =cos(msin ! X). m.
dx dx 2

mcos (m sin”! X)
2

1-x

2 @
I=x". = = mcos (msinflx)
dx
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Diff. again w.r.t x

2
d“y 1
JI=x7. +dy ! x—2x = m.—sin(msin_lx).m.

al Ao [1- 2 1- X2

d2y X dy - m? .sin( msin -1 X)

W e w2

1—x2

2
d . .-
(1—x2)d—y —x® - 2 sin (msin 1x) = —mly xing by 4 1-x2
2 dx
X
)y Ay o
(l—x )—2 - xd)C +m~y = 0. Hence proved.

dx

Derivative of a function with another function.

du

If u and vare functions of then the derivative of u w.r.t. v is 4% _ dx _
dv dv
dx

E.g.: i. Find the Derivative of: sinx w.r.t. cosx.

Let u=sinx and v=cos x

d /.
du _ d(sinx) _ m(smx) _ COSX =—cotx

v d(COS x) d (cos x) —sinx
ax

‘Qocy

B o ) 2 Academy
ii. derivative of sinf{ x w.r.t. cosx Outstanding Guidance for Youth
d i—ﬁin (x2 )|—| cos(x2 )x Ay 2x cos(x2 )
du _ 1L\ ) —
dv d (cos x) —sin x sin x
Note:

. . d .
derivative of sin x w.r.t. x = E(smx) =cosx

. d, . dy
derivative of sin y w.r.t. x = —(siny)=cosy —
Y g () =cosy

. . d, . d
derivative of sinx w.r.t. y = —(sinx) =cosx X
dy dy

.. . d, .
derivative of siny w.rt. y = g(sm y)=cosy
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